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Improved Turbulent Boundary-Layer Model for Shock Tubes
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A viscous boundary-layer model was assembled to help describe the nonideal gas dynamics within shock tubes
operating at high densities. The analytical model is based primarily on the landmark work of Mirels, who used
the Blasius relation for the turbulent skin friction. The main improvement was the incorporation of a modern
friction model for compressible, turbulent boundary layers via changes to the constants and exponents of Mirels’s
original boundary-layer relations. For example, the wall shear stress now depends on a Reynolds number to
the —0.14 power as compared to —0.25 in the original model. As a result, the boundary layer at higher densities
is thicker in the present model than in the original one, thus increasing the incident-shock attenuation and related
nonuniformities. Even in borderline cases, the boundary-layer transitions to turbulent very quickly, usually within
100 us for incident-shock pressures greater than about2 atm. Because a turbulent boundary layer is thicker than a
laminar one at the same conditions, the boundary-layer thickness in higher-pressure shock tubes is expected to be
a larger fraction of the tube diameter than normally seen in lower-pressure shock tubes. The turbulent boundary
layer and elevated pressure also increase the heat transfer to the shock-tube walls.

Nomenclature Fy,yvp = Van Driest II Reynolds factor
y
A = constantin Van Driest II equation (32) f(m) = variablein Blasius boundary-layer
A’ = constantin laminar boundary-layerheat transfer momentum equation
[Eq. (A9)] Iy = integral solutions in boundary-layer
a = sound speed of a perfect gas, (y RT) "/ equations [Eq. (10)] o
B = constantin Van Driest II equation (33) k. = bulk (initial) wall the?n?al conductivity
B’ = constantin turbulent boundary-layerheat transfer k, = wall thermal conductivity at surface
[Eq. (38)] M = Mach number, u/a
b = constant [Eq. (6)] M = molecular weight .
oy = turbulent, compressible skin-friction coefficient M, = freestream Mach number in shock-fixed frame
Cs;s = C; based on boundary-layerthickness M; = Mach number of incident shock wave (u/a,)
C;y = C; based on momentum thickness m = compressible boundary-layerparameter, 0.5(y — 1)M?
Cy = turbulent, incompressible skin-friction coefficient n = of (.1 +a)
c = constant [Eq. (7)] P = static pressure ~
cp = constant-pressurespecific heat R = 1d§al gas constant, R, /M
Cpe = ¢, at the edge of the boundary layer R, = universal gas constant, 8.314 kJ/kmol-K
Cpm = average ¢, in the boundary layer Re = Reynolds number . .
c = constant-volumespecific heat Rery = Reynolds number for transition to turbulence (6 x 10”)
Cu = specific heat of shock-tube wall Re; = Reynolds number based on boundary-layer
w - .

¢ = (B +a)]/0+0 thickness (u8/v)
c = o/(+a) Re, = Reynolds number based on momentum
D = shock-tube diameter J— Fhlckness (”.6/ v)
d = shock-tube hydraulic diameter, 4 x Area/D Re, = incompressible Rey 13
F = T,/T, r = boundary-layerrecovery factor (~ 0, ~ ~0.9)
Fo, = T,/Ta r(n) = variableused in solution of Blasius boundary-layer
F, = boundary-layerskin-friction factor, (C +/Cp) equation ) ) ]
F.sc = Spalding-Chi skin-friction factor s(n) = variableused in solution of Blasius boundary-layer
F.vp = Van DriestII skin-frictionfactor __ equation
Fy = boundary-layerReynolds factor, (Re, /Rey) T = static temperature )
Fysc = Spalding-Chi Reynolds factor Tow = adiabatic wall temperature (i.e., 7,)

' T, = bulk temperature of shock tube (i.e., T)
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boundary-layervelocity at wall (i.e., |u;|

in shock frame)

gas velocity behind incident shock in lab frame
general freestream velocity outside of boundary layer
vertical velocity componentin y direction

axial position behind shock in shock-fixed coordinates
(x=X+u,t)

axial position in laboratory coordinates

exponent in turbulent friction factor [Eq. (17)]
thermal diffusivity (k/pc,)

o, bulk wall thermal diffusivity

wall thermal diffusivity at surface

constant in Van Driest II relation [Eq. (30)]

B = constantin skin-friction factor

B’ = constantin Van Driest II relation [Eq. (31)]

y = specific heat ratio (c,/c,)

AT, = walltemperaturechange, T, — T}

) = boundary-layerthickness

&* = boundary-layerdisplacement thickness

n = boundary-layersimilarity variable [Eq. (A2)]

0 = boundary-layermomentum thickness

" = dynamic viscosity

e = dynamic viscosity of freestream gas in shock-fixed
coordinates

m = mean boundary-layer viscosity

v = kinematic viscosity (1/p)

Ve = kinematic viscosity of freestream gas in shock-fixed
coordinates

Voo = general kinematic viscosity of freestream gas

3 = v/

0 = static density of perfect gas (P/RT)

Pw = shock-tube wall material density

Poo = general freestream density

o = Prandtl number (c,u/k)

o, = Prandtl number of freestream gas in shock-fixed
coordinates

o, = mean boundary-layer Prandtl number

Ty = wall shear stress, C, p€u§/2

¢ = compressible boundary-layerscaling factor [Eq. (14)]

¥ = boundary-layersimilarity variable

Subscripts

e = freestream condition

1 = 1initial condition in driven portion of shock tube
(test section)

2 = condition behind the incident shock wave

4 = 1initial condition of the driver gas in the shock tube

5 = test-gas condition behind the reflected shock wave

Introduction

ECAUSE of wall viscous effects, a boundary layer forms be-

hind the incidentshock wave travelingdown the driven section
of ashock tube, as shown in Fig. 1. In the laboratory reference frame
(Fig. 1a) the fluid in region 2 has zero velocity at the wall because
of the no-slip boundary condition. However, in the shock reference
frame (Fig. 1b) the wall moves with velocity u,, = |u,|. The velocity
profiles in both reference frames are defined in Fig. 1. Many theoret-
ical treatments on shock-tubeboundary layers have been performed
over the last 40 years!~?; a review of work prior to 1964 is given by
Spence and Woods.!

Of these shock-tube boundary-layer treatments, the approach
adopted by most investigators is the one developed by Mirels and
coworkers.>~7 Numerous studies using low-pressure shock tubes
have verified Mirels’s general approach for both laminar and tur-
bulentboundary layers,!!~'* although some authors believe the tur-
bulent submodel to be inadequate.!® The turbulent friction model
in Mirels’s original shock-tube boundary-layer formulas is, in fact,
the focus of the present study. However, as discussed next, the com-
pressible, turbulent friction model was based on one of the few
in existence at the time of Mirels’s original derivation? Since then,
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Fig. 1 Incident-shock coordinate systems showing boundary-layerve-
locity profiles.

datahavebecomeavailablethathaveled to better compressibleskin-
friction models that extend over wider Reynolds-numberregions.

This study was motivated by the impact of the incident-shock
boundary layer (Fig. 1) on the test conditions at elevated pressures.
In addition to affecting the conditions behind the incident shock
wave, the boundary layer affects the conditions behind the reflected
shock wave because the reflected wave propagates into a spatially
and temporally varying flowfield containing a growing boundary
layer.!'®!7 At higher pressures and, hence, higher o and Reynolds
numbers, the likelihood of a turbulent boundary layer increases.
The turbulentboundary-layermodel at elevated pressure, therefore,
becomes particularly important.

A new turbulentboundary-layermodel was added to the original
formulation, the details of which are provided in this paper. Except
where noted, the boundary-layermodel is based exclusively on the
original theory developed primarily by Mirels.2~7 Presented next is
a summary of the shock-tubeboundary-layerequationsand the orig-
inal derivations of Mirels using the Blasius friction model. Details
of the improved friction model and the modified boundary-layer
relations are presented next, followed by sample calculations and
comparisons with the original formulation. Further analysis can be
foundin Ref. 18, and experimentalresults of nonideal effects caused
by the boundary layer in a high-pressure shock tube are providedin
Ref. 19.

Turbulent Boundary-Layer Model

As for traditional flat-plate boundary-layer flow, the Reynolds
number based on the freestream flow and axial position defines
whether the boundary layer is laminar or turbulent. The accepted
definition of the shock-tube Reynolds number, based on the labora-
tory reference frame, is>!3

Re = pzugt/uz €8]

where ¢ is the time after arrival of the incident shock wave.
Various experimenters have attempted to measure the transition
Reynolds number Re; with mixed results.2°=2¢ For the present work
Re; ~ 6 x 10° (from Chabai and Emrich?’) was selected because it
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represented an average result from the limited range of available
data.

For similar velocitiesand temperatures the density term in Eq. (1)
increases linearly with the test pressure. Hence, an experiment that
provides 50 atm behind the reflected shock wave (i.e., P, & 12 atm)
has a Reynolds number that is 50 times greater than that of a typical
shock-tube experiment with Ps =1 atm (i.e., P, ~0.25 atm). The
likelihood of the boundary layer transitioning to turbulent rather
quickly is therefore much greater in higher pressure experiments.

Throughoutthe presentwork conditionsbehind the incidentshock
wave (i.e., region 2) are based on the desired test conditions be-
hind the reflected shock wave (i.e., region 5). This convention was
chosen because most chemistry and shock-tunnel experiments are
performed with the gas conditions behind the reflected shock wave.
In other words, the present study assumes the incident-shockcondi-
tions are those that correspond to the stated reflected-shock condi-
tions; from standard one-dimensional gas dynamics both states are
functions only of M, y, and the initial conditions (i.e., 7| and P,).

Provided in this section is a summary of the original turbulent
boundary-layerrelations for shock tubes, followed by their solution.
A genericformulation of the resultsis then presented for convenient
inclusion of the updated friction model.

Boundary-Layer Equations

The derivation of the compressible, turbulent boundary-layer
equations used by Mirels® follows the traditional format, where the
integral forms of the continuity and momentum equations are

d [~ ds*
— (1 - = ) dy = @)
dx J, Pelle dx

Tw d % pu u do
=— | —(1-—)ay== 3)

Pe”? dx 0 Pelle U, dx
Using the nondimensional variable £ = y/§ and assuming, for ana-

lytical simplicity, a %-power law for the velocity profile relative to
the moving wall (in shock-fixed coordinates; see Fig. 1):

1
_ 7
M:G) —tt for 0<E<1 (4a)
U, — Uy )
o for £ (4b)
Up — Uy

Similarly, the densitytemperature profile in the boundary layer
can be shown to be

pe/p=T/T,=(T,/T)(1+beT —c&?) for 0<&<1 (52

0/p=T/T,=1 for 1<& (5b)

where
b=T,)T, -1 6)
c=T/T,— )(T./T,) M

Upon integrating Egs. (2) and (3), the momentum and displacement
thickness relations are obtained:

8% /6 =1 —=T(T./T,)[(uyw/ue)ls + (1 — uy/uc) ] (®)
0/8=T(T./T,)(1 —uy/u){(W,/u.) s
1 =2@uy/u )y — (1 —uy/u,)ls} )
The Iy in Egs. (8) and (9) are defined by the integral
! N dz
hv= f THb—c (10

The complete solution to Eq. (10) is quite lengthy and is given in
detail in Appendix D of Mirels.?

At this stage the authors wish to point out the fact that the pre-
ceding boundary-layerrelations and in the remainder of the paper
are based on a two-dimensional boundary-layer approximation in-
stead of an axisymmetric one. This approximationis often used for
thin boundary layers in circular tubes. However, for relatively thick
boundary layers in circular tubes the present model might underes-
timate the actual viscous effects.

Original Solution
If a constant wall temperature were assumed, 6 /8 is independent
of x, and Eq. (3) can be rewritten as

6 dé
— 11
3 (11)

X

Tu

2
pelt?

An expression for the wall friction is needed to integrate Eq. (11);
in Mirels’s work the Blasius relation for turbulent, incompressible
flow over a flat plate was used:

Ty [ pacti?, = £C 1 = 0.0225(vc /11s8)7 = 0.013(vac /utns6)T  (12)

However, because Eq. (12) is for incompressible flow it was ex-
tended to compressible flow over a flat plate by using a suitable
mean temperature 7,, to define the average fluid properties. The
resulting relations are

Ty [ pocti’, = £C; = 0.0225¢. (vay /11 8) (13)
1 3

Do = (m/ Moo) ¥ (Too [ Tin) * (14)

T = 0.5(T, + To) +0.22(T, — To) (15)

When the wall is moving, as in the shock-fixed reference frame,
one should use the velocities relative to the wall to be completely
analogous to the Blasius formulation,* or

Tw/peug = %C/'[(ue - uw)z/ug]
=0.0225¢ (1 =, /u) |1 — w, /u,|% (v, /u,8)¥ (16)

Generalized Solution

At the time of Mirels’s calculations (i.e., 1956), the Blasius
extrapolation [Egs. (13) and (14)] was one of the more popular
compressible-flow skin-frictioncorrelations available. However, in
the past 45 years a number of other compressible, flat-plate skin-
friction relations have been developed. Additionally, the modern
relations are more applicable to the larger Reynolds numbers of
interest to high-pressure shock-tube flowfields. Therefore, the re-
maining equations for the turbulent boundary layer were rederived
using a generic version of the wall friction relation, as follows:

T/ poctt’, = 101 = e (Voo /11268)* = 0.578Bboc (Ve [ os6)*
(17a)
o/ peu? = B (1 —u, /u)|1 — u, fu '~ (v, /u,8)* (17b)
boo = (i /too)* (To /T,0)' ~° (18a)

¢ = (n/ 1) (T/T,) ¢ (18b)

The same form of the friction relation is used, but the constant and
exponent are replaced by  and «, respectively, to keep the same
format for the remaining attenuationand gas dynamicrelationsorig-
inally used by Mirels. Upon substituting Eq. (17b) into Eq. (11)
etc., and integrating, the resulting relations for the boundary-layer
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thickness, wall friction, and vertical displacement velocity are,
respectively,

T—uy/u,\' 7" v\ |a-wasw
6=C‘<¢ 6/5 ) (ﬂ) - (19)
Ty o( 1—uy/u\ " v\ |t
Sreeslem) () bt
(20)
v, dé&” 5 1 —uyfu, 1—n v, n w(l_a)/“ﬂt)
LTd_x:Cz?( 6—/8> (WC) -
21
where
n=afl+ao (22)
o =[B+a))/*® 23)
a=al/lte (24)

If the Blasius expression for skin friction were employed
[Eq. (16)], the value for n would be é, as in Mirels.?

Improved Friction Model

Over the past several decades, a number of empirical skin-
friction relations have been developed for turbulent, compressible
flowfields.2”~32 The turbulent,compressibleskin-frictioncoefficient
C is generallybased on the incompressibleskin-frictioncoefficient,
for which many measurements are available:

C;=F.C, (25)

Hopkins and Inouye®® suggested the use of the Kdrman-Schoenherr
relation for the incompressible skin friction:

1/C; = 17.08(log,, Rey)® + 25.1110g,, Re, +6.012  (26)

which was adopted for the calculations herein. The incompressible
Reynolds number is related to the compressible Reynolds number
as follows:

Re, = F,Re, 27

Various relations are available for the factors F, and Fy, the rela-
tive benefits and applicability of which have been compared by pre-
vious investigators2’~32 Among the relations are those attributed to
White and Christoph, Van Driest, Spalding-Chi, Coles, and Eckert.
Of these methods, the Van Driest II and Spalding-Chi models are
preferred in the literature.2®? These two expressions were consid-
ered in the present study and are summarized as follows.

Van Driest II:

Foup = i (28)
“YP T (sin o +sin' B)?

Fyvp = P (29)

o

242 - B
oA B 30)
VaAz+ B?
B

p = —— 3D

Ny
A=./rm/F (32)

_(d+rm—F)
B F

B (33)

Spalding and Chi:

F. sc = same as Van Driest I1[Eq. (28)]

Fysc = 1/F0.702F;Jv.v772 (34)

In the preceding equations F'=T,,/T,, and Fyy =T,/ Tyw.

One goal of the current work was to put either the Van Driest 11
or Spalding-Chi (or both) relations for the skin friction into the
form of Eq. (17a). Of course, Eq. (17a) is based on Res, whereas
the newer friction relations [Eqs. (28-34)] are based on Re,. For
simplicity, the conversion factor was taken from the ratio used by
Blasius [Eq. (12)] because 8 /8 =7/72 (Refs. 28 and 33). Although
this ratio actually varies with the level of compressibilityin the flow,
the authors feel that the resulting relation between Re; and Re, is
within the accuracy of the overall model described herein.

The procedure for putting the turbulent, compressible friction
models into the form of Eq. (17a) was as follows. A parametric data
set of realistic shock-tube conditionsin argon was compiled, corre-
sponding to conditions of Ps =1, 50, 100, 200, 500, and 1000 atm;
M;=2.0,2.4,2.8,and3.2(i.e.,Ts = 1035,1438,1912,and 2457 K);
and 6 covering the range of 0.1-25 mm. The analogous Re, and ¢
ranged from approximately 100to 10% and 1.14 to 1.24,respectively.
For each parametric combination of conditions, the Spalding-Chi,
Van Driest II, and Blasius friction models were computed. Figure 2
compares the results for each model, where the newer correlations
predict C , that are nearly a factor of two larger than the Blasius C,
for higher Rey (i.e., >10%). At lower Re, the newer correlations,
particularly the Van Driest II model, predict C that coincide with
those of the Blasius model.

Also shown in Fig. 2 are the curve fits to the Van Driest II and
Spalding-Chi relations in the form of Eq. (17a). For the Spalding—
Chi model the curve fit gives § =0.0077 and « = 0.14; the curve
fit for the Van Driest II calculations gives 8 =0.0103 and @ = 0.15.
Although either friction model can be employed, the Spalding-Chi
version was selected herein because it provided a slightly better
visible fit to the desired form for Re, > 10*. Therefore, at higher
Reynolds number and densities the following friction relation was
employed'®:

T/ pett? = 0.0077¢ (1 =y, /u)|1 =y, /u "% (v, /u,8)"**  (35)

However, atlower densitiesthe Blasiusexpressionoriginallyused
by Mirels canstill be utilized. As will be discussed furtherin the fol-
lowing, the cutoff test pressure (Ps) between high and low densities
isaround 1 atm. (Note that, at the lower densities, the boundarylayer
can remain laminar for some time, so that the particular turbulent
friction model employed is not as critical.)

0.005 1 0,005

. & Calculations, Blasius ]
o O Calculations, Van Driest Il 1
0.004 -\ m  Calculations, Spalding-Chi - 0.004

“\_ ---- Egn. 17a (3=0.0225, ¢=0.25)
\.\‘4‘3 »»»»»»» Egn. 17a (3=0.0103, ¢=0.15) ]
0. —Eqgn. 17 =0.0077, a=0.14 1
0.003 ] wl an- 17 (3=0.0077. 0=0.14) 0.003
<

-~ ]

(" 0.002 0.002
0.001 1 0.001
0.000 : : : : ] 0.000

10° 10* 10° 10° 107 10°
Re
[¢]

Fig. 2 Comparisonbetween modern (Spalding—Chi and Van Driest II)
and original Blasius wall skin-friction coefficient for compressible, tur-
bulent flow. The Spalding—Chi model was chosen for the calculations
herein.
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Wall Heat Transfer

Becauseconvectiveheat transferto the shock-tubewalls increases
with pressure, wall heating is expected to be higher at elevated pres-
suresthanin conventional,low-pressureshock tubes for combustion
chemistry measurements. The heat-transfer equations defining the
T, increase behind the incident shock wave are summarized in this
section. The relations used herein were modified from those derived
by Mirels®; similar relations have been derived by others.3* Turbu-
lent boundary-layerheat transfer is covered in this section; laminar
boundary-layerheat transfer is considered in the Appendix. As was
done for the boundary-layer relations, the exponents in the heat-
transfer relation were put into a general form for easy incorporation
of the improved friction model.

An important reference temperature in compressible boundary
layers and heat transfer is the adiabatic-wall, or reduced, tempera-
ture. It is estimated as’

Loy (e e (36)
- 2T, cpm

Using the Reynolds analogy between wall viscous and heat-transfer
effects, the increase in wall surface temperature for a turbulent
boundary layer behind the incident shock wave follows the relation

T, —T, _ [(T,/T,) — 1]
T, 1+ B

(37

where

o (0w 0 k(_0/8 Y
B = mgnem(On) (0L
Cp.e O, 1 - uw/ue

o
-

(1-a)/(1+a) A —a)/(d+a)
x |1 Lo He [ ke (20
U, Uy (o2 ko— Ve
(38)
Therefore,
A/ =a)/(1+a) 1
AT, x p, (ke peCp)?

From Eq. (35) for the skin friction (i.e., « =0.14), the pressure
dependence of the wall temperature increase is P*7. The turbulent
wall heat transfer is hence more pressure sensitive (P!7) than the
laminar wall heat transfer (P%>; see Appendix).

Results

This section presents the results of calculations using the model
just described over a wide range of test temperatures and pressures
for an argon test gas and a helium driver gas. The boundary-layer
relations and the usual one-dimensional shock-tube relations were
programmed into a computer program written and compiled using
Digital Visual FORTRAN. Boundary-layer thickness § is defined
herein as the edge of the layer where the velocity is 99% of u,.
Results for § are covered first, followed by calculations of the wall
temperature increase.

In general, the results were calculatedat a fixed axial locationafter
passageoftheincidentshock wave in the laboratoryreferenceframe.
This situationis analogousto the boundary layerstartingat time zero
with zero thicknessimmediately upon passage of the shock; the layer
then grows with time at the fixed location. Conversely,one can think
of the situationrelative to the shock wave, where the boundary layer
startsimmediately behind it and increasesin thickness with distance
behind the shock. The difference between the two reference frames
is simply a conversion between distance behind the shock x and
time ¢, which are related via x = X + u,,t.

Reflected-shock arrival is not included in the calculations be-
cause the present treatment of the boundary-layer growth is not
valid behind the reflected shock. Nonetheless, most of the results
are presented in terms of the conditions behind the reflected shock
wave (i.e., Ts and Ps) because these are the parameters of concern

500 atm
100 4 Transition

to Turbulent

0.01

1 10 100 1000
Time after Shock Passage (us)

Fig. 3 Flow Reynolds number [Eq. (1)] after incident-shock passage
in argon for various pressures. T's = 1800 K; listed pressures are Ps con-
ditions. Turbulence occurs when Re, =Rer = 6 X 10°.

for the experiments of primary interest.!® The correspondingcondi-
tions behind the incidentshock (i.e., 7, and P,) and the shock speed
are provided when appropriate.

Boundary-Layer Thickness

Immediately behind the incident shock wave, the boundary
layer starts out laminar but eventually transitions to turbulent. The
time/distance at which this transition occurs depends on Re, and,
hence, the test conditions. Using the already defined Rer of 6 x 10°,
the time at which the transitiontakes place canbe estimated. Figure 3
shows the results of such a calculation over a range of test pressures
for an 1800-K test temperature (M, =2.74). For conditions lead-
ing to a test pressure of 1 atm, the boundary layer can remain
laminar for some time, almost 1 ms after shock passage. How-
ever, at elevated pressures the boundary layer transitions to tur-
bulent rather quickly, within 10 us for Ps greater than about 50 atm
(P, > 13 atm). One can safely conclude from Fig. 3 that the bound-
ary layeris entirely turbulentat higher pressures withoutintroducing
significant error.

The growth of the boundary layer as a function of time after
shock passage is presented in Fig. 4 at three test pressures: 1, 50,
and 500 atm. In each plot the results of the new model for a wholly
turbulent boundary layer are compared to the results using Mirels’
model for a completely turbulentlayer and to the results assuming a
fully laminar layer. At the lower pressure of 1 atm (P; =0.03 atm)
in Fig. 4a, the predictions of §(¢) for both the new model and the
original model of Mirels are nearly identical.

However, noticeable deviations occur at higher pressures, where
the boundary-layergrowth predictedby the improved modelis about
50% higher at 50 atm (Fig. 4b) and nearly 100% higher at 500 atm
(Fig. 4c) than that of the original model. Additionally, in each plot
in Fig. 4 the turbulent boundary layer is considerably thicker than
the laminar boundary layer. The differenceis at least a factor of 10
or more after 1 ms. Hence, significant error can result if one were
to assume a laminar boundary layer when the Reynolds number is
high enough for the layer to actually be turbulent.

Upon comparing the magnitude of § in each Fig. 4 plot, the ef-
fect of pressure can be discerned. As expected, the boundary-layer
thickness decreases with increasing pressure for a fully turbulent
layer. Figure 5 summarizes the effect of test temperature (i.e., shock
speed) on §(¢) as predicted by the improved model. At higher test
temperatures the boundary layer is thicker.

Although the calculations thus far have assumed either a fully
turbulent or a fully laminar boundary layer, it is useful to com-
bine the two solutions for intermediate Reynolds number as is often
done.?”3 Using a Re; of 6 x 10°, the transition between laminar
and turbulent can be approximated. Some sample results are pro-
vided in Fig. 6 for M, =2.74 (T5 = 1800 K) for a range of Ps from
1 to 500 atm. The transition and corresponding increase in growth
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Fig. 4 Predictions of boundary-layer thickness at a fixed location after
passage of the incident shock wave. T5 =1800 K (7> =943 K; M =2.74);
argon.

rate is clear at the lower pressures, whereas the higher pressures
force the boundary layer to become turbulent almost instantly.
Another useful calculation involves estimating § at a fixed loca-
tion at the instant the reflected shock wave reaches that point. This
is analogous to measurements being performed behind the reflected
shock wave at a test port located a finite distance from the shock-
tube end wall. Assuming a port located 2 cm from the end wall
and a shock speed providing a test temperature of either 1400 or
2000 K, the boundary-layerthickness at the time of reflected shock
arrival is as shown in Fig. 7 as a function of pressure. The results
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Fig. 5 Effect of test temperature on boundary-layergrowth behind the
incident shock wave at a fixed axial location. Conditions correspond to
P5 =50 atm. The T5 =2200,1800,and 1400 K correspond to 7, =1110 K
(M, =3.05),943 K (2.74),and 775 K (2.39).
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Fig. 6 Prediction of J at a fixed axial location assuming a transition
from laminar to turbulent using the new friction model. Conditions
correspond to 75 =1800 K (7> =943 K; M, =2.74) in argon.
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Fig. 7 Calculated boundary-layer thickness in argon at an axial po-
sition 20 mm upstream of the end wall at the time of reflected-shock
arrival for various pressures and temperatures. The transition from
laminar to turbulent is included. Also shown is the prediction using the
original friction model.?
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Fig. 8 Side-wall temperature increase at a fixed axial location af-
ter passage of the incident shock wave for three different pressures.
T5=1800 K (M; =2.74); argon.

in Fig. 7 are from the combined laminar and turbulent solutions, as
in Fig. 6. Also provided for comparison are the results of the orig-
inal model. The regions of test pressure where the boundary layer
is laminar, transitional, or turbulent at the time of reflected-shock
arrival are evident. The improved model agrees with Mirels’s results
for Ps <30 atm but predicts larger § for Ps > 30 atm.

Wall Temperature

According to Egs. (37) and (38), the side-wall surface tempera-
ture is expected to increase with increasing pressure per P!*” when
the boundary layer is fully turbulent. This pressure dependence is

100 5 — — — 100
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(2.39)
®» 1800 K
=
o 104 (2.74) 410
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= 1 41
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Fig. 9 Effect of test pressure and temperature on side-wall tempera-
ture increase, 500 ps after passage of the incident shock wave, using the
improved model. The arrival of the reflected wave is not included.

greater than that of the Blasius friction model, where AT, o« P17,
Figure 8 presents the estimated increase in wall temperature as a
function of time after incident-shock passage for M; =2.74 and
three test pressures: 1, 50, and 500 atm. At the lowest pressure
(Fig. 8a) the wall temperature increase is negligible (<1 K) after
1 ms. However, the higher pressures (Figs. 8b and 8c) lead to tem-
peratureincreases as greatas 100 K or more. In all cases considered
in Fig. 8, the AT, is negligible if the assumption of a fully laminar
boundary layer were used.

A summary of the wall temperature increase using the improved
model only is provided in Fig. 9. The AT in Fig. 9 correspondto a
time 500 s after passage of the incident shock wave. The wall heat
transfer increases with increasing test temperature and increasing
test pressure.

Discussion

From the preceding results the improved shock-tube boundary-
layer model predicts larger shock-tube nonidealities as a result of
the boundary layer than does the original model when the Reynolds
numbers are large enough for the layer to be completely turbulent.
In addition, the model predicts that higher pressure shock tubes
(Ps > 1 atm), in general, should have greater losses as a result of
viscous effects than typically expected from lower pressure shock
tubes (Ps < 1 atm). A thicker boundary layer also has more impact
in smaller diameter shock tubes than larger diameter ones because
the layer comprises a greater fraction of the total flow area.

Among the primary repercussions from these nonideal effects is
the result that the test temperatures and pressures vary with time
and, hence, differ from ideal shock-tube behavior. The properties
behind the incident wave vary with time because the boundary layer
bleeds fluid from the uniform core flow, creating disturbance waves
that propagate downstream. These disturbance waves also interact
with and attenuate the incident shock wave 3>~* The temperature
and pressure behind the reflected shock wave change with time be-
causethereflected wave is travelinginto the temporally and spatially
nonuniform flowfield induced by the boundary layer.">~1?

Additional details on the analytical treatment of nonideal gas
dynamics caused by the turbulent boundary layer are provided in
Petersen.'® A complete model of the nonuniformities behind the
incidentshock wave, also based on the landmark work of Mirels and
coworkers* 7404 wag developedby the authors.!® A separate model
for the conditions behind the reflected shock wave that builds on the
incident-shockmodel is summarized and compared to experimental
results of Petersen and Hanson.!"”

Finally, the heat transfer to the shock-tube walls is higher for
the current model when compared to the original one (Fig. 8). The
wall temperature increase is likewise greater at elevated pressures
than at conditions giving reflected-shock pressures near 1 atm or
less. Although a secondary effect, hotter shock-tube walls can have
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an adverse impact on certain measurements. For example, increased
heat transferto side-wall pressure transducerscan lead to anomalous
results,'”* and hotter walls emit greater levels of background, in-
terference radiation when conducting spectroscopic measurements
using infrared emission *

Conclusions

An improved turbulent boundary-layer model for shock tubes
was presented. Based on the original shock-tube boundary-layer
equationsof Mirels, the primary improvementin the new model was
in the compressible, turbulent friction term. Both the Van Driest II
and Spalding-Chi friction models were incorporatedinto the shock-
tube boundary-layerrelations via curve fits to keep the same form
as the original expression used by Mirels (i.e., the Blasius model).
Therefore,only modificationsto a few constantsand exponentswere
needed to incorporatethe updated frictionresultsinto the solutionof
the boundary-layerrelations. Although the Spalding-Chi model was
chosen for the calculations herein, either model can be employed
per the user’s preference.

Although the improved model can be used for turbulent bound-
ary layers in all shock tubes, it is particularly useful for modeling
higher pressure shock tubes where the larger Reynolds numbers
lead to early boundary-layer transition to turbulence. Because the
Spalding-Chi friction coefficient is larger than the Blasius coef-
ficient at larger Reynolds numbers, the predicted boundary-layer
thickness in the present model can be 50-100% greater than the
thickness predicted by the original one for conditionsleading to test
pressures greater than about 10 atm. The net result is that nonide-
alities in the shock-tube gas dynamics caused by viscous effects
are expected to be greater in high-pressure shock tubes, where the
boundary layer is predominately turbulent, than in conventional-
pressuretubes. Similarly, the higherpressureand turbulentboundary
layerenhance the heat transfer to the shock-tube wall, increasingthe
postshock wall temperatureby as much as 100K at conditionscorre-
sponding to 500 atm behind the reflected wave (i.e., P, = 130 atm).

Appendix: Laminar Boundary Layer

The laminar boundary-layermodel is based entirely on the theory
developed by Mirels.> Although the calculations for high-pressure
shock tubes should assume a fully turbulent boundary layer behind
the incidentshock wave, the laminar model is included for the lower
pressure (i.e., lower Reynolds numbers) cases, as in Fig. 6. In ad-
dition, the laminar model (valid for Re < 6 x 10°) can be used in
shock-tubecalculationsfor conventional,low-pressure (< 1 atm) fa-
cilities. Provided next is a summary of the model for completeness.

Laminar Boundary-Layer Model

In general, the laminar boundary-layer equations are based on
the classical equations of Blasius and the fourth-order polynomial,
Karman-Pohlhausen solution. It is assumed that the gas thermal
conductivityand viscosity scale linearly through the boundary layer
with temperature [i.e., k =k, (T/T,) and u = u,,(T/T,)], and ¢,
and o are constant and equal to ¢, ,, and 0.

Using the boundary-layermodel of Fig. 1, the Blasius differential
equation for momentum is

f///+ ff// — 0’
J(0) = uy/ue,

f(0)=0
fleo) =1 (A1)

where n and ¥ are the usual similarity variables modified for com-

pressible flow?:
u ' T,
= : —d A2
n ‘/2)% /U T 9 (A2)

v = f(ny2ucxv, (A3)

The solution to the energy equation involves the dependent vari-
ables r(n) and s(n) as follows:

_2(Tw 11\2
(”w/ue - 1)2 (f ) ’

s"+ofs =0,

r'" +ofr = r(oo) =r'(0) =0 (A4)

s =1, s(c0)=0  (AS)

The wall shear stress is then obtained as

ou Uy PypylUy

In similar fashion the important boundary-layerparameters such as
8,0, v, etc., are obtained >> The boundary layer T is a function of
r(n) and s(n):

> 2
T/T, =1+[(y — 1)/2)[ Gt /ue — VM) ()

To obtain 7, in Eq. (A7), r(0)—the recovery factor—is needed
and is assumed to be ~0.85. The solution techniques for Egs. (A1-
A5)are coveredin detailin Mirels?; the primary modification/update
to the way Mirels solved the equations was the use of modern numer-
ical techniques such as the shooting method for solving Eq. (A1).

However, in a later effort Mirels derived simplified solutions to
Egs. (A1), (A4), and (A5) using a Kdarmdn-Pohlhausen integral
techniqueto obtainclosed-formexpressionsforn,r(0), s'(0), f”(0),
etc. These results can be found in Ref. 3.

Wall Heat Transfer

For the laminar boundary layer the temperature increase at the

wall surface is?
T, —1T, _ A,[(Tr/Th) — 1]

T, 1+ A

. =s'(0) \/T\/Ik
Ry Ty o (A9)
[@/m)o. N wu\ o k,_
and, for u,, /u, > 1,
T, (uw 1){ (,/u, + 1)+ (, /u, — )r(0) }

ue ) G /udlr + D/ = 1) —uy fu,]
(A10)

(A8)

where

From Eq. (A8) and because A’ is a small number, the increase in
wall surface temperature relative to the initial, or bulk, temperature
of the wall is proportional to /(k, PeCp.c). Therefore, the wall tem-
perature increase for a laminar boundary layer behind the incident
shock wave is P93,
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